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Abstract

In this article, we investigate the problem of estimating the spectral characteristics of the intensity of moving objects
under stochastic uncertainty based on the results of measuring the magnitudes of wave fields at separate points. We
assume that the unknown spectral functions belong to known sets from the functional space, and certain restrictions are
given for the unknown correlation matrices. For linear guaranteed estimates of the set of linear functionals from spectral
functions, we prove that the guaranteed mean square estimates are expressed in terms of solutions of a certain system
of linear algebraic equations.
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1. Introduction

Modern radar and radio navigation air traffic control systems of various purposes (ground, ship, aircraft, space-
based) function under the influence of both unorganized (natural and artificial) and organized obstacles. Usually, the
statistical and temporal characteristics of these obstacles are unknown and subject to change. Therefore, the task of detecting
signals (or signal sources) increasingly has to be solved in conditions of statistical a priori uncertainty. This means that a
number of parameters, including the functions of the distribution of interference and mixtures of signals with interference,
are not known precisely and can change during the observation process.

This work is devoted to one of the directions of signal processing from moving sources in passive location under
stochastic uncertainty. The relevance of such subject matter is due to the need to detect and evaluate the parameters of
inconspicuous (both stationary and moving objects) against the background of disturbances, which are characterized by the
absence of complete a priori data relative to observation errors and spectral characteristics. The development of mathematical
methods in conditions of incomplete information is important both in the localization of objects and in their classification
[1]. When solving such problems, it is necessary to take into account both the equation of signal propagation and a priori
information about the parameters of objects. In this regard, it is relevant to develop algorithms for detecting signals (or signal
sources) with a high degree of a priori uncertainty for application in noise locators, passive radar, meteorological locators,
etc. In our article, we offer effective algorithms for obtaining guaranteed root mean square estimates of the spectral functions
of signals and radiation sources based on observations with random disturbances.

2. The Mathematical Background

When the signal propagation equations are deterministic, the parameters can be estimated using random field
analysis methods [2, 3], or estimation methods in inverse problems [4, 5, 6].

Spectral characteristics play a crucial role in object classification tasks. The evaluation is carried out using
parametric and nonparametric methods [7, 8, 9, 10, 11, 12] that are based on the Fourier transform [13].
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Under conditions of statistical uncertainty, there are different approaches to signal processing in order to evaluate
their spectral functions. In linear processing problems with deterministic disturbance quantities, methods are used to minimize
guaranteed estimation errors [14, 15].

In the case of signals with interference of a statistical nature with unknown distributions, methods are used to
minimize guaranteed root mean square errors [16, 17, 18]. The Bayesian focusing method [19, 20, 21] is a method that can
be used to solve parameter estimation problems in the passive location of radiation sources with random characteristics, but
it requires knowledge of a priori distributions of random parameters.

In works [22, 23, 24, 25] machine learning, deep learning, sparse Bayesian learning, and artificial intelligence are
employed for processing audio signals.

3. Main Results
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N —
~
Na¥
—~
—t
w
~
<
wWw—
~
N
—
—
w
~
S —
=
|
!—\
(%]
Il
Jd

r(k) (ts,e), k =J,_m are the vector of coordinates of the k -th radiation source at time t, which depends on a vector
random parameter €< R™ with a known distribution P() (and for each ke 1Lm,selN, j eln the inequality
Ecy' (K, 0)U [ m 75 (k,0)P(dO) <o holds);

c is the signal propagation speed;

ts,s =1 N,t,,4 >tg are given sequence of discrete time instants;

&S =1 N, ] =1,n are the observation errors, which are scalar random variables that have met the conditions
E&=0,s=LN,j=1n, and the values ry ] E&;&, s=1N, j=1nk=1N,I=1n are unknown,

Here E is the sign of the mathematical expectation, and the length of the vector r = (xl, Xg, x3) is determined by
the formula |r[, 0 /X + x5 + x5 .

Let's assume that scalar functions f, (t),t eR! allowa representation
fi (t)= J.Rl exp(-itw) fy (0)do, teR,

7 — . . . . . - e 2
where f (@),k =1,m are integrated with the square unknown functions. This means that inequalities IR1| fi (a))| dw <o,

hold for all k =1,m . Here the sign || is modulus of a complex number.

Our objective is to obtain estimates of certain functionals from unknown functions fk(a)),kzl,_m through

observations (1).
Let the following form be used for recording observations (1)

YszlF(w)f(a))da)+§, )

where F (o) f (@)U Y7 F(o)f (@), F(@).k=1m are sequence of matrices of the form
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Fe ()0 [Eexp(—iw(ts 74 (k,e)))rsj (T(,e)] _ ;

& is arandom matrix with the elements &;,s=1,N, j=1n.

We assume that the unknown vector functions f ()0l ( fi (@), f (@), Ty (a)))T belong to the set
G, 0{: [ (Q(@)(F (@)~ To (@)). T (@)~ To ())dew 1], @®)

~ 2
where the matrix Q;(w),@<R" is defined by the rule (Q () f (), f(@))0 X\ df (@)|fy (@)| . scalar functions
Ok ()kzl_m satisfy the inequalities J'qugz (w)dew <,k =1m; fo (a))we R! is known vector function such that
2

Let us denote by R the correlation operator of the matrix &. Let us introduce the scalar product in the space of
linear operators that act from a space of N xn matrices into the same space of matrices. If R, and R, are two such linear

operators, that are defined by the elements rs(jk),,s:l,_N, j=Lnk=1LN,I=1n and rsgk,),s_l N,j=1nk=1LN,I=1n
respectively, then the scalar product is defined by the rule <R1, R2> O ZS ikl s(Jlk)I rS(JiI)
We define the scalar product in the space of Nxn matrices by the rule (A, B>1 0 zs jasjﬁsj , Where
j=ln j=Ln
AL (a >s:rN ,BO (bsj)

Let the components of complex-valued vector functions 119 (&)L (Il(q) (0),5% (0),... 11 (a)))w eRlg=1p

bSJ complex number adjoint to by; .

satisfy the inequalities

II((q)( )‘ do<ow, k=1m,q=1p.

.[ R!

We also introduce a linear operator L according to the rule

L0 (1, 7). 12, F),.. (10, 7))

where (I(q), f)u IRl(I(q)(w), f(a;))dco, q=1p; (I(q) ). f( ) Zk Ll (a) fk w)oeR', q=1p.

Definition 1. Vector Lf is called a linear estimate of vector Lf by observations (2) if it has the form

~ T
LF 0 (UL Y )y +0, U Y )y + a0 (Up Y ), 465 )

where U;,U,,...,U, are some N xn matrices complex-valued elements, ¢;,C;,...,C, are some complex numbers.

Let the correlation operator R belong to a certain set G,.

Definition 2. The linear estimate Lf is called a linear guaranteed estimate of the vector Lf if it has the form

L 0 ((00Y) e (02 ) + 00U, Y ), 6, ),

and determined from the condition

min maxzp_1 ‘( (q),f~)—<Uq,Y>l—cq

6Us.-Up GGy
P elf((@ ~) ‘2
max>'r. E[[19,F) - (Ugv), [



where ¢ =(c;,C;,....Cp )

Theorem 1. Let the set G, have the form

G, [ {R:E(Qu¢,&), <1},

where Q, is known positive-definite operator. Then the equality holds

mcln(rslnfélsxzp ‘((q) ~) <U Y> qr:
o)

and F* (o) is the conjugate operator of F ().

Proof. Let us denote by 52(U1,U2 ..... Up) the following  expression

mlnmaxz ‘(( ),f)—<qu,Y>l—cq

2
‘ . It is clear that the equality holds
¢ G.G,

min pm(ax) _lméx(Rej ( a1 %P (@ ),f(a))—fo(a)))da)Jr

e[ 2 (e () o)) 37 +

2
mex Yo E[(Ug. <),

and inequalities
(Refa(20, qcoq< ) f(w)_fo(w))dw)g
<[ 20 (404 (0) QT (0) X0y argy (@) ) doo
[a(@(@)( ()~ fo(w)): f (o)~ fo(w))do<
< [ 221004 (0). Q7 (@) 222004 () d,
are converted into equalities when the next condition is met
f(@)=fo(w)+
12

& (@)0(0)([o(@ (@)0(0).0())do)

Amax (A(Ul,Uz,...,Up))+n(13ing_lE‘<Uq’§>l‘2.

Note that the following relations are valid
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max Yo E[(Ug.e) =max 2] (U W) -

2
max  max (Re<zp BU W>j ,
g=17"9"4d
& Zg:l‘ﬂq‘zzl !

where G, [J {W (e AVADY sl} . Hence, we get the inequality

2
P -1\ P P
Re(<zq:1ﬂquq'w>lj S<QZ Zq:lﬂqUQ’ZqzlﬂqUQ>l' (6)
In relation (6), equality is achieved with the following value of the matrix W =W :
-1/2
G _A-L(NP -1(NP P
W=t (X0 Ao (@3 (Z0. A0 (Zusa)), 7
where 7 is the random variable such that Ez =0, E772 =1. Now we can write the equality
b 2
0 U = (B0 U0y )

and conclude that formula (5) is valid. o

Corollary 1. Let the conditions of Theorem 1 be satisfied and (Ul,UZ ..... U )e Arg m|n 5 (UpUp,Up )

A

4= (dl,o?z ..... ap) and B= (ﬂlﬂz ..... ,Bp) are the eigenvectors corresponding to the maximal elgenvalues of the matrices

A(Ul,UZ,...,Up) and B(Ul,UZ,...,Up) respectively. Then the equality holds:
max51(f g) (fg gg)
GG,
(o) da)‘ +Zp U] >‘ ,
- . . -1/2
fy (@)= fo(0)+Q* (@) 9 (@ )(I A -1<w>¢(w>,¢<w))dw) .
R oAy V2 o
cq =11Q;'U (<Q21U7U>1)  9(@) =g 1GqPq (@),
U =Z§:1ﬁq0q X (a’):|(q)(“’)_':*(a’)uq’
n is the random variable such that En =0, Enz =1.

where 612(f,g) ; 1UR1 g (@

Corollary 2. Let the conditions of Theorem 1 be satisfied and parameter p =1. Then, for the squared error of the
functional estimate, the following equalities:

2
—mlnmaxE‘ ), f(@ )d U,,Y), - ‘ =
bl e s
2
E Y —¢ =
max | )dw (0u7), -6

. . 2
U‘Rl((pl(a)), fq (a)))da)‘ + E‘<U1,gg >1‘ ,
are holds, where Ul is solution of the matrix equation
QU +J.R1 F(0)Q (0)F" (0)dal; =

0)Q (@ @ w)dw
[ F(@)a (@) (0)d o
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and at the same time ¢ =JR1(¢31(w), fo (@))do, ¢4 (@) =Q2_1L31(<Q2_101,Ul>)—1/2

-1/2
x(J’Rl(Ql’l(w)(ﬁl(a;),(ﬁl(a;))dw) , where 7 is the random variable such that Er =0, E® =1
Proof. Let us denote by ®; (U, ) the following functional

@D, (U;)=minmax E
l( l) g GG,

2
1 -
le(l( IOK; (co))da;—(Ul,Y>l—cl‘ |
Then, as follows from Theorem 1, the functional ®;(U;) can be represented in the form
1 (Up) = [ (A (@)1 (@) 1 (@) do+ (Q"Uy. Uy ),

The functional ®;(U;) has a unique minimum Uy, which is found from the condition icI)l (L]l +rV)|T:0 =0 for
T

an arbitrary N xn matrix V . Thus, to find the matrix Ul we obtain equation (7). The expressions for calculating vectors

fg (a)) and ¢4 are a special case of the corresponding expressions for vectors fg (a)) and ¢4 from Corollary 1 to Theorem
1l.o

Theorem 2. When the parameter p =1, the equality holds

O'S = Re.[Rl(Q{l(w)@(w),l(l) (a)))da) :
Proof. For an arbitrary N xn matrix V the equalities hold

%%@1(ul+fv)|ﬁo _

~Re[ (@ (@)1 (@), F* (@)V )doo+ Re(Q2"UpV ), =0, ®)
Let us put in formula (8) V = Ul. Then from (8) we obtain the equality
(@'10;), =Re[, (@ (@)1 (@).F* (@)U )do.

Thus, for the square of the error the following expressions are valid

2

o2 = [ (A (@)1 (@), s (@) oo +(QUL Uy ), =
Re (" (@)1 ()1 (@) - F* ()0 do+

+ReIR1(Q(1(a>
Re [, (Q (@) (@).1") () dov

'§>
—_
&
-TI
&
C)
Nl
o
S
I

Theorem 2 is proved. o
Theorem 3. When the parameter p =1, the equality
. A A -
(. Y) +6 = le(H (o), f (a)))da),
holds, where f(@)=T(@)X + fy(@), ['(0)=Q;*(@)F* (@) and X is a solution to the matrix equation

QX +le F(0)Q* (0)F (0)doX =Y —leF(w) fo(w)d@.
Proof. The following equalities

©)
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(UY), +6=(UY), + ] ( (0)Uy, To (@ ))da)z
<Ul,Y—IR1F o) fo (o) dw>l+IR1(l a)),fo(a)))da)

are holds. From equations (7), (9) we obtain the following equalities o
(U Y = [ F (@) To(@ )da)>1:
([ F (@) () (0)d0,x) =
(@ (@)F" (@) X1 () ) oo )
From equalities (10), (11) follows (Uy,Y), +6 = [, (1 (). Q™ (@) F* (@) X + fy ()| deo = IR1(|(1)(0,),f(w))dw,

which completes the proof of Theorem 3. o

Let v, (a)) weR, g=12,... be an ortho-normalized basis in the space of square-integrable complex-valued vector

functions. Therefore, for an arbitrary function f(a)) o e R! from this space, the inequality J'Rl( f (o), f(a)))dw < oo holds,
and representation

f(@)=2qa(FO)wg (g (@) 0 <R,
is valid, where (f(-),pq ()= IRl(f(w Wq(0))do.

Let the expression f(p (w) Z ( (1) wq ())g yq(w)we R! is used as the linear estimate of the vector function
f(p)(a))D c:):l(f(')"/’q (-))y/q (w),@eR" from observations (2), where (f(-),y/q ())g ,q=1 p are linear guaranteed
mean  square  estimates  of  scalar  products (f QR ())q =1p, that have the form
(f()wq ())g 0U(q)Y +q(wq)=IRl(wq (@), f:(p)(a;))da). Here U(q) is the solution of equation (7) when

W (@) =wq(@), &(vq)=[u(ve(@)-F* (@)U (a), fo(e))de.

Theorem 4. The equality

holds, where A;(-) and By (-) are px p matrices with elements respectively,

1 * A - * A 1 144
A, = Joe(va (@)= F° (0)U (0). @ (v, (@)= (@)U (cp)) . b, =(Qz%0 (a).U (@), 0.0 =LP.
The validity of this theorem follows from Theorem 1 and Corollaries 1, 2.

4. Numerical Experiment

Computation of the spectral estimate of a moving signal-emitting source for m=1. We specify the signal in the
form

! (t—a)zj,teR1,0'>0, aeR.

fo(t exp(
( ) o~N2x
The spectral function of this signal is:
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We find the spectral function magnitude:

|f(a))|=%exp(—%a ® ) weR".

We specify the sequence of discrete moments of time t, =a—3c +At- (k —1), k =1,N . For the selected values of the natural
number N and the parameter o > 0, the discretization step At is calculated by the formula
At=60/(N-1).

Denote by r® =(x®,x”,x) the coordinates of the signal receiver and by r' (t,)=(x (t,), " (). X (t,)) .k =1

3

the coordinates of the moving signal source at time instants t, , k S

Let's define the values 7, = |r(°) —r(t, )| lc= \/(xl(f’) —xP (¢, ))2 +(x§°)
where X’ (t,)=const = 7,k =L N , X" (t,) = z -V, -(t, +30), x e R,,v, >0,5 =12,k =

() +( 1) 7e k=IN
_N ¢ is the speed of sound.

Let's introduce variables {, =t, —7,, k=1,

To construct an estimate |f (a))‘ of the spectral function magnitude f (a)) weR', we use formula (9) from

Theorem 3 when f,(®)=0,0eR":
X+ [ F(0)Q (0)F (0)do- X =Y, (12)

where X = (X, X,,..., Xy )T is the unknown column vector, Y =(y,,Y,,.... Yy )T is the known column vector of signal
1 -

a\/gexp(( ) (26 ))
Q@)=
F(@)=(exp(-iak),y» F'(@)=(exp(iek)), -

Thus, from (12), a system of linear algebraic equations for determining the vector X is obtained

SAIX +BX =Y, (13)

measurements y, =

., Q'=6">0,

j=LN T

Using Theorem 3, we find the expression for the estimation of the spectral function:
f( :1+ . Z, X exp(iof) ) =

! - (ZT X cos(a)t )+iZij sin(a)t_j)),a)e R

:l—i-a)

where | isunit Nx N matrix, B:(bkj)

(14
The spectral function magnitude estimation (14) is given by

i‘c ‘ (Zk 12, XX cos((ﬁ—t_j)a)))m,we R,

For calculations, we set the following parameter values:

1+ &°

c=332, x” =0, s=13,
7 =500, V, =V, =50,

o=2, a=0, 6°€{0;0.1,05;1}.
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Figure 1 shows the graphs of the functions |f(a))| and ‘f(a))‘ on the segment w e [—%%} for different values of

the parameter 62.

o6 [+ i {_tilda and f_t_oc for different 52

1_tilda
———1toc, i2=0
1t_oc, 52=0.1
———{toc, 2-05
1toe, i2=1

e
T

Function value
o
o
&
T

2 -15 -1 -05 o 0.5 1 1.5 2
w

Fig.1. Function graphs: |f(a))| is black, ‘f (w)| at 6> =0 is orange, at 6% = 0.1 is yellow,

at 62 =0.5 isviolet, at 52 =1 is green.

Finally, we provide the table of values for the relative error of the spectral function magnitude estimation, calculated
using the formula

Table 1.
Relative error values ¢(5%,,).

o, \5° 0 0.1 0.5 1
0 0.011 0.018 0.043 0.073
718 0.021 0.028 0.049 0.091
zl4 0.022 0.033 0.072 0.117
3z/8 0.020 0.035 0.092 0.154
wl2 0.198 0.217 0.286 0.355

Based on the Table 1, it can be concluded that the relative estimation error of the spectral function magnitude
deteriorates with increasing signal measurement errors and higher values of |a)|

5. Conclusions

Effective algorithms are proposed for finding guaranteed root mean square estimates of the spectral functions of
moving signal sources and radiation sources based on matrix observations with random disturbances. For linear guaranteed
estimates of certain linear functionals from spectral functions, it is proved that guaranteed root mean square estimates are
expressed in terms of solutions of defined systems of linear algebraic equations. Theoretical statements are confirmed by a
test case.
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